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Flight tests using a Fokker F100 aircraft equipped with a natural laminar � ow glove demonstrated
that natural laminar � ow is feasible for transport aircraft with up to 130 passengers. Furthermore, the
� ight tests generated a wealth of experimental data. These data have been evaluated with all known
variations of the eN method. The aim of this investigation was to compare the different methods and to
identify the one that yielded the best correlation. No clear winner turned up in our investigation; each
method has its own merit. The envelope method, if based on a compressible stability theory with surface
curvature effects, gives a valuable N-factor correlation. With this method, few pathological cases occurred.
These were characterized by a measured transition behind the maximum of the computed N factors.
Methods using the N-factor pairs (NTS, N b ) and (NTS, NCF) computed with incompressible or compressible
stability theory without curvature effects are also suitable. With these methods, however, many patho-
logical cases occur. A satisfactory correlation can only be obtained if the pathological cases are excluded.

Introduction

L AMINAR � ow on commercial aircraft is such a challenge
that research programs are underway in the U.S. and Eu-

rope.1 Expected reduction of friction drag should allow signif-
icant cost reductions, limiting fuel consumption and allowing
some downsizing of structures. Within Europe, natural laminar
� ow (NLF) � ight tests using a Fokker 100 aircraft were per-
formed. The aircraft is a 130 seater, � ying Mach 0.78, and
allowing Reynolds numbers up to 3.4 3 107. Reasonable wing
sweep was compatible with the use of a passive laminar � ow
glove installed on the wing to create a pressure distribution
such that laminar– turbulent transition be delayed on both up-
per and lower wing surfaces.

The eN method is the most sophisticated tool used in industry
to predict laminar– turbulent transition. Because it is a corre-
lation method, experimental results are needed for its calibra-
tion. In this paper, we give an overview of the evaluation of
this experiment, using linear stability theory.

Most calculations have been done with the three codes,
COAST, CASTET, and COSALX, an improved version of
COSAL. These codes are based on the linear stability equa-
tions for compressible media including curvature. Additional
calculations have been done with the incompressible codes
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COCIP and SALLY. References to these codes are given in
Ref. 2.

Data Preparation
The glove was equipped with pressure taps along two sec-

tions parallel to the inner and outer edge. Transition was vi-
sualized on the upper and lower side of the glove using infra-
red thermography. Thus, for each � ight measurement, four
cases [I(nner)/O(uter section), L(ower)/U(pper side)] had to be
considered. Selecting cases with clear infrared images and
steady pressure data produced a set of 60 cases to be evaluated
with linear stability theory. Measured pressure distributions
were used for the three-dimensional boundary-layer calcula-
tion, prior to the stability analysis. Thorough validation of the
calculation was done, which, however, cannot be presented
here.

The � rst author performed an initial analysis of all 60 cases
with incompressible stability theory. He divided the cases into
three groups, A, B, and C, each containing all typical phenom-
ena encountered, with the clearest cases in group A.

In the course of the evaluation, Schrauf3 demonstrated that
a new subset, M, namely the set with monotonically increasing
envelopes, gives a comparatively better correlation for the
methods with two N factors. The results presented in this paper
are either for all cases, the A, or the M cases.

N-Factor Calculation
The eN method for transition prediction is based on linear

stability theory for disturbances described by a wave of the
form

q9(x, y, z, t) = q̂(z)exp[i(ax 1 by 2 vt)] (1)

Herein, x and y are tangential coordinates, and z is the wall-
normal coordinate. For spatial ampli� cation, the (circumfer-
ential) frequency v is real and the two wave numbers a and
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Fig. 1 Local wave propagation direction computed with the en-
velope method using compressible stability theory with curvature
effects.

b are complex. Their real as well as imaginary parts can be
written as follows:
Wave number (the wavelength l is )2 22p/ a 1 bÏ r r

2 2a 1 bÏ r r

Propagation direction [the angle between the a direction, i.e.,
in this paper, the direction of the � ow at the edge of the bound-
ary layer, and the propagation direction is computed as § =
arctan(br/ar)]

ar2 21/ a 1 bÏ r r S Dbr

Spatial ampli� cation rate

2 26 a 1 bÏ i i

Ampli� cation direction

ai2 21/ a 1 bÏ i i S Dbi

Using the ansatz (1), we obtain the Orr– Sommerfeld equa-
tion for incompressible media and a system of ordinary dif-
ferential equations for compressible media. This constitutes
suf� cient information to compute the complex wave number
a for a given frequency v in two-dimensional � ows in which
propagation direction and ampli� cation direction coincide with
the direction of the � ow.

In three-dimensional � ows, a second complex wave number
b appears, and we must � nd two additional conditions to close
the problem.

Rigorous extension to three dimensionality can only be done
in the case of an in� nitely long, swept wing. In this case, the
spanwise wave number component of each instability wave
remains constant. Furthermore, the ampli� cation direction, i.e.,
the direction in which we observe the wave ampli� cation, can
be chosen arbitrarily because all � ow quantities are indepen-
dent of the spanwise position. As an ampli� cation direction we
can choose the direction perpendicular to the leading edge, the
direction of the streamline at the boundary-layer edge, or the
direction of the group velocity. Using the two latter directions,
we observe less ampli� cation. However, the length of the in-
tegration path becomes larger so that the same N factor is
obtained.

Thus, for an in� nitely long, swept wing, the two additional
conditions are the spanwise wave number condition and the
choice of the ampli� cation direction. The N factor computed
under those conditions is called Nb.

In the general case, the ampli� cation direction can not be
chosen arbitrarily. Because the direction of the group velocity
is the direction of energy transport for propagating waves, we
choose this direction as the ampli� cation direction. (If the nu-
merical method solves the temporal problem, the group veloc-
ity direction is used by Mack’s extension of the Gaster trans-
formation to three dimensions.) This constitutes the � rst
additional condition.

To motivate a possible second condition, we consider the
stripe pattern observed in the visualization of cross� ow-dom-
inated transition. The stripes have an approximately constant
width. They are caused by stationary cross� ow waves, the
wavelength of which corresponds to the width within the pat-
tern. Based on this observation, we consider instability waves
with a constant frequency and, additionally, with constant
wavelength. If we integrate their local ampli� cation rates, we
obtain the Nl factor. If the frequency is chosen to be 0 Hz,
i.e., if we consider only stationary cross� ow waves, the Nl

factor is written as NCF.

Another N factor is obtained by tracing waves with constant
propagation direction § = arctan(br /ar). This N factor is de-
noted by N§. If the propagation direction is chosen to be the
direction of the inviscid � ow at the boundary-layer edge, i.e.,
if § = 0 deg, it is called NTS.

The propagation directions of the instability waves that
cause transition are not known a priori. One can compute the
§ envelope of the N§ factor curves for each direction § and
afterward form the envelope of all N§ envelopes. This method
is called the ‘‘envelope-of-envelopes’’ method. It is different
from the classical envelope method that uses the wave with
maximal ampli� cation at each position of the boundary layer.
To our knowledge, the F100 � ight tests are the � rst ones sys-
tematically evaluated with this method.2

Envelope Method
For each N-factor strategy, the analysis of the � ight exper-

iment was started with a thorough validation of the calculated
stability results. As an example, Fig. 1 shows the local prop-
agation directions obtained with the envelope method by dif-
ferent partners for a case with M` = 0.7, Re = 21.7 3 106, §LE

= 19.7 deg (case 319OU).
We observe the typical behavior encountered for swept

wings, namely that cross� ow (CF) ampli� cation is dominant
in the neighborhood of the leading edge, and that Tollmien–

Schlichting (TS) ampli� cation becomes dominant farther
downstream. Using the envelope, we look at each boundary-
layer station for the wave with the largest ampli� cation rate,
and � nd a jump from cross� ow to TS ampli� cation. The jump
is not visible in the local ampli� cation rates, because it occurs
when both rates have nearly the same magnitude (cf. Fig. 2).
It can take place earlier or later, depending on the settings used
in the codes.

A complete analysis for this case, using the envelope method
with compressible stability theory including curvature effects,
is presented in Fig. 3. For this case, transition was observed
between 16 and 18% chord. The correlation with the middle
of the transition region is indicated by the arrows.

The N factors of all group A cases obtained with the enve-
lope method using the compressible stability theory with cur-
vature effects are shown in Fig. 4. The ONERA /CERT results,
for example, vary from N = 8.75 to 16.2 with an average of
N = 12.6. A comparison with incompressible stability theory
is shown in Fig. 5.

The results for group M, obtained with the envelope method,
are shown in Fig. 6. In contrast to the methods with two N
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Fig. 2 Local spatial ampli� cation rates computed with the en-
velope method using compressible stability theory with curvature
effects.

Fig. 3 Envelope N factors for different frequencies computed
with compressible stability theory with curvature.

Fig. 4 N factors of group A obtained with the envelope method
using compressible stability theory with curvature.

Fig. 5 N factors of the new subgroup obtained with the envelope
method using compressible as well as incompressible stability the-
ory without curvature.

factors, there is no improvement in N-factor correlation. The
N factors vary from N = 9.75 to 19.7, with an average of 13.8
for compressible stability theory with curvature effects and
without curvature effects, from 17 to 25.2 with an average of
20.6.

To improve our analysis, we searched for characteristic
properties that would allow us to classify the measurements
into groups. The correlation should then give a typical N factor
with less scatter for each group. In Fig. 7, the correlated N
factors of group M vs the propagation direction of the wave
that contributes to the envelope curve at transition was plotted.
We obtain no results with propagation directions between 46
and 73 deg. This allowed us to distinguish between CF- and
TS-dominated transitions. CF-dominated transitions are cases
with propagation direction above 70 deg and TS-dominated
transitions are those with the propagation direction up to
around 45 deg.

Using the approach with two N factors, we also � nd those
two categories. There is no ambiguity, i.e., there is no case
that would be called CF dominated based on the envelope
method and TS dominated if an approach with two N factors
is used.

In Fig. 8, we plot the results over the Reynolds number.
Here, the N factors of the CF-dominated cases lie nearly on
one level, whereas the N factors of the TS-dominated cases
exhibit considerable scatter. To reduce the scatter, we subdi-
vide the TS-dominated cases into two groups. (Such a classi-
� cation is less obvious and can only be done if we consider
the results of the envelope method together with the results of
the approach with two N factors.)

1) Clear TS-dominated cases: These are cases for which the
cross� ow N factor NCF,i, obtained with incompressible stability
theory, stays well below the limit of nine; or if this limit is
exceeded, it is done only brie� y and cross� ow is strongly
damped at transition.

2) TS-dominated cases with strong cross� ow ampli� cation:
These are TS-dominated cases for which the cross� ow N factor
NCF,i obtained with incompressible stability theory exceeds the
value of nine and stays at a higher level.

In Fig. 9, the different categories are plotted vs Reynolds
numbers. For each category we include the linear regression
line that minimizes the quadratic error. We obtain a horizontal
line for the cross� ow cases, i.e., the N factor is indeed inde-
pendent of the Reynolds number (universal). The regression
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Fig. 6 N factors of the new subgroup obtained with the envelope
method using compressible stability theory.

Fig. 7 N factors vs propagation direction of the wave contrib-
uting to the envelope curve at transition.

Fig. 10 N factors computed with compressible stability theory
with curvature effects.

Fig. 9 N factors computed with compressible stability theory
without curvature effects.

Fig. 8 N factors vs Reynolds number.

lines for each of the two TS-dominated cases increases mon-
otonically, i.e., the correlated N factor depends on the Rey-
nolds number. The scatter, however, becomes much smaller.
The N factors of the clear TS-dominated cases are smaller than
the ones with strong CF ampli� cation. In those cases, the
strong CF ampli� cation near the leading edge lifts the N factor
to a higher level before the TS ampli� cation can contribute
to the N factor. The same phenomenon was observed in the
ATTAS � ight experiments.4

The results in Fig. 9 are obtained by using linear stability
theory without curvature effects. If surface curvature is taken
into account, we obtain the qualitatively similar results shown
in Fig. 10. The inclusion of surface curvature effects reduces
the calculated ampli� cation rates (cf. Ref. 5), and we obtain
smaller N factors. Because the reduction mainly affects the CF
waves, the difference between the pure TS cases and the TS
cases with strong CF ampli� cation becomes smaller. Without
curvature effects, N factors from 17.0 to 25.2 with a mean
value of 20.7 are obtained for the pure TS cases. Taking sur-
face curvature effects into account, the mean value becomes
13.8 with a variation from 9.7 to 19.7. In conclusion, no uni-
versal N factor has been obtained with the envelope method.
However, only two pathological cases occurred, i.e., cases for
which transition occurs behind the maximal N factor.
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Fig. 14 Comparison of N b and NCF.

Fig. 13 N b factors computed with incompressible stability theory
for measurement 427OU.

Fig. 12 Spanwise wave number of the l = 0.0045m wave in Fig.
11.

Fig. 11 NCF factors computed with incompressible stability the-
ory for measurement 427OU.

Methods Based on Two N Factors
We now consider transition prediction methods based on two

different N factors, one for TS waves and a second one for CF
� ow waves. The � rst N factor is the NTS factor of the pre-
scribed frequency/prescribed propagation direction strategy. It
is shown that the difference between the 0 deg-direction and
the direction yielding the largest N§ is small for swept wings
of transport aircraft � ying at transonic speeds.2 Therefore, we
can restrict the computations to 0-deg waves.

For the second N factor describing the ampli� cation of
cross� ow waves, we consider two choices: an N factor com-
puted with the prescribed frequency/prescribed wavelength
strategy, and the N factor computed with the prescribed
frequency/prescribed spanwise wave number strategy for an
in� nitely long, swept wing. Experiments show that stationary
cross� ow waves dominate the transition process in a low-tur-
bulence environment, whereas traveling cross� ow waves dom-
inate the transition in a high-turbulence environment.6,7 There-

fore, we consider only stationary cross� ow waves, as we
assume that stationary cross� ow waves play the most impor-
tant role inducing transition on a swept wing.

In Fig. 11, we show the N factors of stationary cross� ow
waves for several wavelengths obtained with incompressible
stability theory without curvature effects for a case with
stronger cross� ow ampli� cation [M` = 0.78, Re = 21.7 106,
§LE = 22.4a, (case 427OU)].

We see that short waves predominate in the neighborhood
of the leading edge whereas longer waves predominate farther
downstream. This behavior re� ects the very rapid thickening
of the boundary layer close to the leading edge. Figure 12
shows the spanwise wave number of the stationary cross� ow
wave with wavelength 0.0045m. The spanwise wave number
changes largely near the leading edge, where the � ow turns
from the spanwise to the chordwise direction. Farther down-
stream, the changes in � ow direction are smaller. There, a
wave with a constant wavelength exhibits only a small varia-
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Fig. 18 Correlated (NCF, NTS) pairs obtained with incompressible
stability theory for the new subgroup of monotonic cases.

Fig. 17 NCF factors computed with incompressible stability the-
ory for measurement 451OU.

Fig. 16 NTS factors computed with incompressible stability the-
ory for measurement 451OU.

Fig. 15 Correlated (NCF, NTS) pairs obtained with incompressible
stability theory for all measurements.

tion in the spanwise wave number. As waves with a relatively
long wavelength (or small wave number) are mainly ampli� ed
in that downstream region, the correlated NCF and Nb factors
are comparable (cf. Figs. 11 and 13) if transition does not
occur too close to the leading edge. This should be the case
for laminar wings.

A comparison of the correlated NCF and Nb factors is shown
in Fig. 14. We see that, for the F100 glove, both N-factor
integration strategies are equivalent.

Having described the two possible choices of the second N
factor, we present the pairs of correlated (NCF, NTS) factors
obtained with incompressible stability theory without curvature
effects in Fig. 15. The pairs form a cloud with no clear border
at the inner edge. This situation is not improved by applying
compressible stability theory.

This unsatisfactory correlation is a result of cases such as
the one shown in Figs. 16 and 17 [M` = 0.7, Re = 22 3 106,
§LE = 19.8 deg, (case 451OU)], for which transition occurs at
31– 34%, i.e., behind a local maximum of the envelope curve.

In those cases, transition cannot be predicted by classical
stability theory. To continue using the F100 � ight tests for N-
factor correlation, Schrauf3 proposed considering cases with
monotonically increasing N factor envelopes only. For those
cases, nonlocal and/or nonlinear effects, as, for example, sat-
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uration effects observed for cross� ow-dominated transition in
another � ight test,8 are obviously surpassed by continuing lin-
ear ampli� cation, so that linear ampli� cation, described by
classical theory, dominates transition.

The (NCF, NTS) pairs of these cases, obtained with incom-
pressible stability theory, are shown in Figure 18. They exhibit
a much clearer inner edge so that these results can be used for
transition prediction with the eN method.

Conclusions
Four different N-factor integration strategies have been con-

sidered. The envelope method and strategies prescribing the
frequency and, as a second condition, the spanwise wave num-
ber, the wavelength, or the propagation direction of the insta-
bility wave. The strategies can be grouped into two different
N-factor methods for transition prediction. No method is
clearly superior, each method has its merits and drawbacks.

1) Envelope method: If based on a compressible stability
theory with surface curvature effects, we obtain a valuable N-
factor correlation that can be used by the design engineer. The
correlation can be improved if we distinguish between cross-
� ow-dominated, TS-dominated, and mixed cases. In only 2 out
of 32 cases the envelope method transition did occur behind
the N factor maximum. These cases were labelled ‘‘patholog-
ical.’’

2) Methods based on two N-factors: For typical swept, tran-
sonic wings of transport aircraft, the methods based on (NTS,
Nb) and (NTS, NCF) factors are equivalent. Incompressible or
compressible stability theory without curvature effects should
be used. A good correlation is obtained for monotonically in-
creasing cases. However, half of the 60 � ight measurements
are pathological, i.e., transition occurs behind an N-factor max-
imum.

Despite its limitations, the eN method is the best tool avail-
able for transition prediction. In the hands of an experienced
design engineer, who is aware of its peculiarities, the eN

method can be a very useful tool for natural laminar � ow and
hybrid laminar � ow wing design.
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